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Starting point

© State-space rep. of a 2D linear discrete Roesser model (Roesser'75):
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o We dispose of techniques to study stability and stabilizations issues for

this particular type of models (Bachelier et al)

¢ ldea: use equivalence transformations to study stability and

stabilizations issues for other classes of models:

@ Starting from a model, find an equivalent Roesser model

@ Apply known techniques to the Roesser model
@ Deduce properties of the initial model
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Content of the presentation

© Algebraic analysis approach to linear systems theory

— construct systems equivalence via matrix computations

@ Application to study stability and stabilizations issues in
multidimensional (nD) systems theory (in this talk n = 2)

— reduce certain classes of nD systems (in this talk, linear repetitive
processes) to equivalent Roesser models

— use existing techniques specific to Roesser models to study
stability and stabilizations issues
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Algebraic Analysis Approach to Linear Systems Theory
Methodology

© A linear system is defined by a matrix R with coefficients in a ring D
of functional operators:

Ry=0 (%)
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Roesser Model
q: [ UL = 2e()+3s(i))
L s(j+1) = 4r(ij)+5s(i,J)
o D = R[o}, /] ring of partial shift operators with constant coeff. in R:

§€D,6=Y duofal, Su(ij)=> duu(i+kj+I)
kil cr k.l

© The (R) model can then be written Ry = 0 with:

(2 ) o o= (49)
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Algebraic Analysis Approach to Linear Systems Theory:
Methodology

@ A linear system is defined by a matrix R with coefficients in a ring D
of functional operators:
Ry=0 (%)

@ To (x) we associate a left D-module M (finitely presented)
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The left D-module M

o D ring of functional operators, R € D9*P
¢ To the matrix R we associate the left D-module:
M = D'*? /(D' R)

given by the following finite presentation

ptxa By pre I M — 0
A=A, Aq) — AR
0 — 71'(5)
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Roesser Model

_ o _(oi—=2 3 2x2
D = R[o;, gj], R—( 4 Uj—5>€D

pDLx2 ~R, pix2
()\1 )\2) — ()\1 )\2) R = ()\1 (0’,’ - 2) + A (—4) A1 (—3) + A (Uj - 5))
~ Associated left D-module M = D'*2/D1*? R
D2 - M
0= (51 52) — 7T(5)

where 7(9) is the residue class of 4 in M
7(6) = w(8') <= I e DY*?, § =5 + AR

In particular, if 6 = AR, then 7(d) = 7(0) =0
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Roesser Model
ofi=(1 0), =(0 1)standard basis of D*2

o y1 =m7(f), yo = 7(f) are generators of M: indeed m e M
=7m(0) =7(01 i+ 2 h)=017m(f) +dm(h) =0b1y1+ dy
© These generators satisfy D-linear relations:

(ci=2)yn+(=3)y2 = (0i—2)7(h) —37r(f)
m((0i —2)h —3h)
7((oi—2 —=3))
g((l 0) R)

Similarly, (—4)y1+(0j—5)y>» = mr((0 1)R)=0

s If y = @1) then it yields Ry = 0
2
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Key point of the algebraic analysis approach

¢ D ring of functional operators, R € D9*P
¢ To the matrix R we associate the left D-module:
M = DY*P/(D1*9 R)
o For a functional space F, consider the linear system (behavior)
kerr(R.)={ne€ FP| Rn=0}

Malgrange's remark:

kerr(R.) = homp(M,F) = {f : M — F, f is left D-linear}
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Algebraic analysis approach

@ A linear system is defined by a matrix R with coefficients in a ring D
of functional operators:
Ry=0 (%)

@ To () we associate a left D-module M (finitely presented)

Malgrange's remark:

kerr(R.) = homp(M,F) = {f : M — F, fis left D-linear}

© There exists a dictionary between the properties of (x) and M
@ Homological algebra allows to check the properties of M

© Effective algebra gives algorithms ~~ implementation
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Dictionary

Algebraic prop. of M Structural prop. of kerrz(R.)
Torsion Poles/zeros classifications
With torsion Existence of autonomous elements
Torsion free No autonomous elements, Controllability,
Parametrizability, 7-flatness
Reflexive Filter identification
Projective Internal stabilizability, Bézout identities,
Stabilizing controllers
Free Flatness, Doubly coprime factorization,
Poles placement, Youla-Kucera parametrization

¢ The algebraic properties of M can be checked using the Maple package
OREMODULES developed by Chyzak, Quadrat, Robertz
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Equivalence in this framework

¢ Definition: two linear systems are equivalent if their associated
D-modules are isomorphic.

— Study morphisms and isomorphisms between D-modules.
@ First step: (homo)morphism

@ Second step: isomorphism

¢ Studied from a computational point of view by Cluzeau, Quadrat

~» Maple package OREMORPHISMS
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Morphisms between finitely presented D-modules

o Let M = DY*P /(D9 R) and M’ = D'*F' /(D'*9' R’)

ptxa R pixp Ty 0

|0 |7 lf

prd K pte’ om0
o 3f € homp(M, M') <= 3P € DP*P'| Q € DI*9 such that:
RP=QR
o f € homp(M, M") is defined by:
YAeDYP f(x(\) =7 (\AP)

¢ The matrix P sends solutions of R'7’ = 0 to solutions of R =0
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Explicit characterization of an isomorphism

o M= Dlxp/(Dlxq R)v M = DlXp’/(Dlxq/ R/)

© f is a morphism from M to M’ iff there exist P and Q such that:
RP=QR
@ f is an isomorphism iff there exist P, Q', Z, and Z’ such that:

RP=QR, PP +ZR=1, PP+Z R =l

o Changes of variables n = P17/, // = P'n - Rn=0< R'n' =0
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Linear Repetitive Processes (LRP)

© State-space representation (Rogers-Gatkowski-Owens'07):

(LRP) { Xer1(p+1) = Axiqa(p) + Boyi(p) + B ukia(p)
Yk+1(P) = Cxks1(p) + Do yk(p) + D uk+1(p)

¢ Here k > 0 unbounded but in general 0 < p < « for a € N*

— Differences with Roesser models

(Paszke'05, Rogers-Gatkowski-Owens 07, Boudellioua- Gatkowski-Rogers'17)

— Here, we formally consider p unbounded as for the study of stability

along the pass (Sulikowski-Gatkowski-Rogers-Owens'04)

© Previous approach: such a LRP is always equivalent to a Roesser model!
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Equivalence with a Roesser model

© Theorem (Bachelier-Cluzeau)
(LRP) is equivalent to the Roesser model (R) with:

0 By 0|BcC B
[ o Dy 0| Doc P - _
A=l o 0 o o [|B=|4|C€=(0 1k 0fC) D=0
la, O 0‘ A 0

¢ This is not unique. For instance, another choice is:

0 By | By C ByD 0
_ 0 Dy | DoC DyD 10 _ _
A= I 0 A B ,B = 0 ,C—(O Idy\C 'D),D—O.
0 0 0 0 la,

o Example with Maple
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Some stability notions

¢ Structural stability: let § = {(21,22) € @2| Vi=1,2, |z|> 1}
o A LRP is structurally stable if

MAoly, — M A —Bo
V(A1 X) €S, det< -\ C A1 Idy_D0> 70

@ A Roesser model is structurally stable if

Ay, — Ann —A1
V(A1,A2) €S, det h 0
(A1, 22) © ( —Ax A2 la, Azz) 7

© Stability along the pass A LRP is said stable along the pass if
i. forall A €S, det(Aly, — Do) # 0 (stability from pass to pass)
i. forall A €S, det(Mg, —A) #0

. for all A € 3S, det(G(\)) # 0, where G(\) = C(My, — A) "By + Do
and dS = {z € C, |z| = 1} denotes the unit circle
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Application to stability/stabilization

¢ a LRP is stable along the pass iff it is structurally stable
o Structural stability is preserved through the equivalence transformation!

© Application: stabilization (along the pass) of a given LRP:
© Transform the LRP into an equivalent Roesser model

@ Compute a stabilizing state feedback control law for the Roesser
model (Bachelier et al)

© Transform this law through the equivalence to a stabilizing state
feedback control law for the LRP model
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Example

¢ Consider the LRP given by

near 0.2059 0.4911 | 0.0144 | 0.4983
<c DO D): 05398 0.7125| 0 |0.9597
0 0.1626 0.1189 | 0.8990 | 0.3403

It is not structurally stable and thus not stable along the pass

© We consider the equivalent Roesser model with matrices:

0 By|BoC ByD 0
| 0 Dy|DeC DD o - _
A=l o145 | 8= ,C=(0 1|Cc D),D=0.
0 0 o 0 1

We know that it is not structurally stable
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Example

o Using the work of Bachelier et al, one can compute (resolution of a LMI)
a stabilizing state feedback control law for the Roesser model:

o =K (;) , K’ =(—0.3418 — 0.4437 — 0.0029 — 0.3207 — 0.4861 — 0.6175)

o Using the explicit equivalence transformation, we deduce the stabilizing
state feedback control law for the original LRP:

ug(p+1) = — (0.3418  0.4437) x,(p + 1) — (0.01034258  0.00176096) xi(p) + 0.0029 y; (p) — 0.0203753 uj(p)

< The induced closed-loop model obeys to the structure of the LRP:

{ Xer1(p+1) = AXei1(p) + Bo yk(p)
Yk+1(P) = CXk+1(p) + Do yk(p)
0.2059 0.4911 0.4983 0.0144
A= 0.5398 0.7125 0.9597 ,Bp = 0 ,C = (0.1626 0.1189 0.3403) , Dg = 0.899
—0.31975602  —0.48541038  —0.61552626 —0.00231482

¢ The latter LRP is structurally stable and thus stable along the pass!
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Thank you for your attention!

Equivalence et stabilité



